Corrections to the zero-temperature Thomas-Fermi description of a dilute interacting condensed Bose gas confined in an isotropic harmonic trap arise due to the presence of a boundary layer near the condensate surface.
I. INTRODUCTION
The recent experimental realization of Bose-Einstein condensation (BEC) of alkali-metal gases in magnetic traps [1] [2] [3] has renewed interest in the physics of a confined, interacting, dilute Bose gas. In the Bogoliubov approximation [4] , which is often valid at temperatures well below the BEC transition temperature, the macroscopic occupation of the ground state far exceeds that of excited states; the condensate is then described by the relevant GrossPitaevskii (GP) equation [5] . This equation has been solved numerically for bosons in both isotropic [6] [7] [8] and anisotropic [9] traps, and analytically in the limits of both a nearly ideal gas (weak interparticle interactions) and a dilute nonideal gas (strong interparticle interactions) [10, 11] . An alternative hydrodynamic approach, which has been shown to be wholly equivalent to the Bogoliubov description [12, 13] , has also yielded a description of the low-lying excited states [14, 15] that recently has been experimentally confirmed [16, 17] .
For large particle number, the mean kinetic energy of the condensate is much smaller than both the interaction (Hartree) and confinement energies. Neglecting the kinetic energy entirely, corresponding to the Thomas-Fermi (TF) approximation, provides an accurate description of the condensate in the interior of the cloud. Near the surface of the trapped gas, however, the kinetic and external potential energies become comparable, and the TF approximation breaks down. Using a boundary-layer theory, Dalfovo et al. [18] have calculated the kinetic energy as a function of the condensate radius; the formally divergent TF kinetic energy is cut off by a boundary layer of thickness δ ∝ R −4/3 , where R is the (large) dimensionless TF condensate radius.
The present work extends the boundary-layer formalism of Ref. [18] in order to determine the leading-order corrections to the TF description of the condensate and low-lying collective modes. The main result of the present work is that the boundary layer gives rise to additional correction terms of relative order R −4 ln R and R −4 in all physical observables for the condensate. In addition, the presence of the boundary layer is shown to have no effect to leading order in R −4 on the spectrum of low-energy excitations.
II. CALCULATIONS: CONDENSATE
For a dilute interacting inhomogeneous Bose gas in an isotropic trap potential V ext at zero temperature, the occupation of the lowest excited states is small, and one can apply the Bogoliubov approximation [4, 19] . The spatially varying condensate wave function Ψ(r)
is then isotropic and satisfies the (stationary) Gross-Pitaevskii [5] equation:
where
r /2m is the kinetic energy, and the trap potential V ext (r) = mω 2 0 r 2 /2 is taken to be isotropic for simplicity. The Hartree energy V H (r) = g|Ψ(r)| 2 is a consequence of a short-range two-body interaction. To leading order, the coupling constant g = 4πah 2 /m is written in terms of the (low-energy) s-wave scattering length a to make contact with experiment; in the present work we only consider a > 0, corresponding to interparticle repulsion.
The chemical potential µ fixes the total number of condensed atoms
where the noncondensate contribution to the chemical potential is neglected and · · · ≡ d 3 r Ψ * · · · Ψ denotes an expectation value in the condensate ground state.
It is convenient to introduce the dimensionless length scale z ≡ r/d 0 , where d 0 = h/mω 0 is the oscillator length, and the dimensionless parameter
that characterizes the strength of the interparticle interactions. Experimental conditions typically give η 0 ≫ 1, corresponding to a strongly-interacting system [10] (but the Bogoliubov approximation still requires a dilute system with a large interparticle spacing n
relative to a). In this TF limit, the repulsive interactions expand the condensate cloud
expressed in units of d 0 [10] , so that η 0 scales like R 5 ; thus it is convenient to define
whereη 0 approaches a constant value for large R.
Defining a scaled variable x = z/R, the Gross-Pitaevskii equation (1) becomes:
where ǫ = 1/R 4 is a small coefficient as R → ∞,
has a well-defined limit for large R, and the scaled chemical potentialμ = µ/R 2 is defined in units ofhω 0 . The normalization of the condensate wave function is then writteñ
which defines the condensate radius in terms of the particle number, and the various terms appearing in Eq. (2) are
where all the energies are expressed in units ofhω 0 , andΨ
In the Thomas-Fermi (TF) limit, one sets the small parameter ǫ to zero in Eq. (5).
The approximate condensate wave functionΨ(
accurately describes the condensate in the bulk [9, 10] , where we takeμ = 1 2 , in effect defining the condensate radius by R(µ) = √ 2µ. Near the surface at x = 1, however, Using standard techniques in boundary-layer theory [20] , we introduce an outer solutioñ Ψ outer ≡ χ(x) defined in the bulk 0 ≤ x ≤ x 0 < 1, and an inner solutionΨ inner , defined over the surface x 0 ≤ x ≤ ∞; these solutions are matched in the boundary region x ≈ x 0 through an asymptotic analysis.
The outer solution may be expressed as a perturbation series in powers of ǫ:
Substituting (11) into (5) yields
where we have setμ = and assumed for simplicity a real condensate. In order to determine the asymptotic behavior of the outer solution near the boundary, one may write x = 1 + δX with δ|X| ≪ 1 and X ≪ −1. As X → −∞, a straightforward calculation reveals
where the leading-order behavior agrees with previous calculations [21] .
The asymptotic behavior of the outer solution implies that the inner solutionΨ inner (X) ≡ δ 1/2 Φ(X) may be expanded as a series in δ:
where X 0 = (x 0 − 1)/δ is large and negative, and X 0 ≤ X < ∞. Substituting (15) 
It is straightforward to verify that, for X → −∞, the inner functions Φ(X) exactly reproduce Eq. (14):
For large positive X,Ψ inner (X) is asymptotically proportional to an Airy function and therefore decays exponentially. Indeed, since Eq. (16) defines the second Painlevé transcendent,
X 3/2 ) must be imposed in order to ensure an unbounded solution for Φ 0 (X) with no critical points over all
The physical quantities (7) through (10) can now be explicitly evaluated:
where the constants I, J, K, L, and M are definite integrals involving the inner function Φ 0 (X) (refer to the the Appendix for details):
Inserting the explicit expressions from Eqs. (21)- (23) into Eq. (2) one immediately recovers µ = 1 2 R 2 , demonstrating the internal consistency of the calculation. From Eq. (7) one obtains
which relates the condensate number to the chemical potential, or its inverse
which relates the radius of the cloud (and hence the chemical potential) to the condensate number. The first terms correspond to the TF result [10] . Equations (8)- (10) yield
where the constant A is
and the energies are expressed in units ofhω 0 . The expression for the kinetic energy (33) reproduces the result of Dalfovo et al. [18] , and is similar to that found in [21] . The total energy, which includes contributions from all Eqs. (31)-(33), is found to be
where the first and second terms are respectively the standard TF result and the correction due to the boundary layer.
III. CALCULATIONS: EXCITED STATES
At zero temperature in the Bogoliubov approximation, a small number of particles will be excited out of the ground state due to interparticle repulsion. The radial component of the eigenstates of these noncondensate modes is described by the scaled coupled Bogoliubov
for the eigenfunctions u j (x) and v j (x), and scaled eigenvaluesẼ j = E j /R 2 . In these rescaled units [refer to the discussion just above Eq. (5)], the scaled operatorL is writteñ
where χ 2 0 (x) is the TF condensate wave function given explicitly in Eq. (12) . Defining
and incorporating the boundary layer by settingΨ(x) =Ψ outer = χ(x) expressed in Eq.
(11), one obtains the approximate coupled equations:
where the dependent variable has been suppressed for clarity. To order ǫ, these equations can be combined to yield the independent equations:
with E j =Ẽ j / √ ǫ the physical excitation energies in units ofhω 0 .
While the ordinary linear differential equations (43) and (44) may be solved directly, it is instructive to transform the functions f j (x) and g j (x) into the corresponding hydrodynamic density ρ j (x) and phase (the velocity potential) φ j (x) variables [13, 15] :
To lowest order, one may setΨ(x) ≈ χ 0 (x) since the effect of the boundary layer is already built into the equations through χ 1 (x). Substituting the above expressions into Eqs. (43) and (44) immediately yields a single universal equation that characterizes the low-lying normal
with w j (x) = ρ j (x) or φ j (x), and where we have used Eq. (13). The (unnormalized) solution of this equation takes the form w j (x) ∝ Y lm (θ, φ) w nl (x), with [14, 15] 
where F is a hypergeometric function [23] . The corresponding eigenfrequencies, given by
in units ofhω 0 , have recently been confirmed experimentally [16, 17] . Thus, the boundarylayer theory to order ǫ = 1/R 4 yields the identical excitation spectrum found previously in the TF approximation [14, 15] . This result is consistent with expectations, since in the above derivation shorter-wavelength terms of order ǫ 2 (such as higher-order gradient terms
and additional boundary-layer corrections) have been neglected. The determination of highlying modes would require a WKB analysis, which is deferred to future work.
IV. DISCUSSION
The zero-temperature Thomas-Fermi description of an interacting dilute Bose gas confined in an isotropic harmonic trap has been extended to include contributions from the condensate surface. Within a boundary-layer formalism similar to that recently employed by Dalfovo et al. [18] , analytic expressions for the ground-state energy expectation values have been obtained which include corrections due to the surface layer. In addition, the effect of the bulk correction to the TF condensate wave function in the Bogoliubov equations is comparable to that of the kinetic energy; the resulting eigenfunctions and eigenvalues precisely reproduce those found for the low-lying hydrodynamic modes [14] . In contrast, the detailed structure of the boundary layer does not affect the eigenvalues or eigenfunctions of the Bogoliubov equations to leading order in ǫ = R appreciates the gracious hospitality of the Department of Physics at Stanford University.
APPENDIX: DEFINITION OF THE CONSTANTS
The constants I-M appearing in Eqs. (7)- (10) are defined as follows: 
